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Real-world complex systems often show robust, persistent oscillatory dynamics, e.g. non-trivial
attractors. On the quantum level this behaviour has only been found in semi-classical or weakly
correlated systems under restrictive assumptions. However, strongly interacting systems without
classical limits, e.g. electrons on a lattice or spins, typically relax quickly to a stationary state
(trivial attractors). This raises the puzzling question of how non-trivial attractors can arise from the
quantum laws. Here, we introduce strictly local dynamical symmetries that lead to extremely robust
and persistent oscillations in quantum many-body systems without a classical limit. Observables
that do not have overlap with the symmetry operators can relax, losing memory of their initial
conditions. The remaining observables enter complex dynamical cycles, signalling the emergence of
a quantum many-body attractor. We provide a recipe for constructing Hamiltonians featuring local
dynamical symmetries. As an example, we introduce the spin lace – a model of a quasi-1D quantum
magnet.
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The late P. W. Anderson, in his influential essay ‘More
57
is different’ [1], discussed the importance of broken sym58
metry for the emergence of fundamental physical laws.
59
Time periodicity is one such symmetry-breaking phe60
nomenon, which Anderson remarked “is either universal
61
or surprisingly common”. One way of understanding the
62
ubiquity of broken time-translation symmetry in com63
plex systems is through non-linearity. Non-linearity in
64
the equations of motion governing a dynamical system is
65
well known to lead to emergent periodic phenomena. A
66
particularly dramatic example of such behaviour in clas67
sical physics is an attractor [2]. Here a system may show
68
robust non-stationary dynamics at long times within a
69
restricted manifold of phase space, without fine-tuning
70
of its initial conditions. Such a dynamical state can de71
scribe diverse scenarios, including electrical circuits [3],
72
predator-prey communities [4], and the stock market [5].
73
In quantum systems, however, the Schrödinger equation
74
enforces unitary evolution, intrinsic uncertainty obscures
75
the phase space approach, and entanglement and coher76
ence come to the fore. How, then, can attractors, which
77
are seen in such a diverse range of classical nonlinear sys78
tems, arise from the underlying unitary, linear dynamics
synonymous with quantum mechanics? Here we show
that attractors can appear in a many-body quantum sys- 79
tem without a well-defined classical limit, and explain
how their existence can be enforced by strictly local dy- 80
namical symmetries. The local nature of these dynamical 81
constraints endows the quantum attractor with a remark- 82
able robustness unparalleled in other types of periodic 83
long-time dynamics seen in complex quantum systems. 84
Periodic long-time dynamics in quantum many-body 85
systems is now under scrutiny in a variety of different 86
scenarios such as time crystals [6–34], models with quan- 87
tum many-body scars [35–50] and confinement [51]. The 88

role of dynamical symmetries [8] in the appearance of periodic dynamics has recently been discussed [9, 52–55],
as well as their weaker versions [44–47, 49]. The periodicity of these systems is typically explained from a
spectral perspective and is often fragile to variations of
the initial state or the Hamiltonian. This is where the
attractor that we explicitly construct differs. We will
show that, in systems with an extensive set of dynamical constraints, certain observables do not fully relax but
instead display persistent, non-stationary dynamics that
does not depend on fine-tuned Hamiltonian parameters
or initial conditions. Interestingly, these systems may
also have local observables that relax fully to stationarity. Generic observables, which have finite overlap with
both non-stationary and relaxing operators, enter a robust orbit that we term a quantum many-body attractor.
Such behaviour is one of the hallmarks of complex attractive long-time dynamics found in Nature, and sits in
stark contrast with both the equilibration behaviour expected for generic quantum many-body systems [56] and
the simple persistent oscillations set by the initial value
seen in isolated few-body quantum systems. Since the
attractor’s properties originate from symmetry, they are
preserved at any finite temperature and are exceptionally
stable to local modifications of the system Hamiltonian.
RESULTS

We begin by considering a very general scenario: a
quantum many-body system on an arbitrary lattice in
which every site is connected to the rest of the system.
A dynamical symmetry is the property [Ĥ, Â] = −ωA Â,
which defines an eigenoperator Â of the Hamiltonian Ĥ.
Given an out of equilibrium initial state ρ̂, i.e. [ρ̂, Ĥ] 6= 0,
the expectation value of Â oscillates periodically in time
as hÂ(t)i = e−iωA t hÂ(0)i. An exponentially large set of
such eigenoperators can always trivially be found, yet
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Ĥ p−1

Ap̂
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FIG. 1.
Constructing a many-body system with128
strictly local dynamical symmetries. (a) Schematic129
close-up of an arbitrary lattice showing the supports of a130
strictly local dynamical symmetry Â and its associated lo131
cal Hamiltonian ĤA . The remainder of the system can be
0
governed by any Hamiltonian ĤA without affecting the local132
dynamical symmetry. (b) Connecting local Hamiltonians to-133
gether as shown builds a many-body system with an extensive134
number of strictly local dynamical symmetries.
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generally such quantities are highly non-local operators
that are inaccessible to local measurements in a large
system.
The situation becomes non-trivial when there exists an135
eigenoperator Â that is strictly local, i.e. supported on136
only a few neighbouring lattice sites. We can then divide137
0
the system into two parts, such that Ĥ = ĤA + ĤA
with138
[ĤA , Â] = −ωA Â,

0
[ĤA
, Â] = 0,
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0
while [ĤA , ĤA
] 6= 0 in general. Here, ĤA is a Hamil-142
tonian defined on a few contiguous sites of the lattice,143
such that its support is strictly larger than that of Â (see144
Fig. 1(a)). That is, the support of Â does not include the145
0
boundary of the support of ĤA . Meanwhile, ĤA
shares146
the boundary of its support with ĤA and also covers the147
rest of the lattice. As a result, the persistent oscillations148
0
associated with Â are protected from any change in ĤA
.149
†
Furthermore, it can be easily checked that Q̂ = [Â , Â]150
is a strictly local conserved quantity of the system, i.e,151
[Ĥ, Q̂] = [ĤA , Q̂] = 0. Eq. (1) gives a quadratic set of152
equations that may be solved to generate a candidate ĤA 153
0
and Â provided that we demand it holds for any ĤA
. 154
Since Â is not supported on the boundary of ĤA ,155
we can connect several of these local Hamiltonians via156
their boundary sites without disrupting the dynami-157

cal symmetry (see Fig. 1(b)). The full Hamiltonian of
such a system can be written
as a sum of strictly loP
cal Hamiltonians Ĥ =
Ĥ
,
each Ĥp being associp
p
ated with its own strictly local dynamical symmetry Âp ,
i.e. [Ĥp , Âq ] = −ωq Âq δpq , with δpq the Kronecker delta
symbol. This many-body system has an extensive number of strictly local operators that persistently oscillate
at frequency ωq and never relax to a stationary value.
Crucially, moreover, the connectivity of the lattice implies that [Ĥp , Ĥp+1 ] 6= 0. As shown below, this allows
local observables that overlap with Âp to undergo partial relaxation and tend to a limit cycle at long times.
A system may have multiple, possibly incommensurate,
frequencies ωq and the orbit to which the observables
converge can form more complicated structures than a
limit cycle.
Even if the initial state is stationary, i.e, [ρ̂, Ĥ] = 0, an
arbitrarily small perturbation will initiate persistent oscillations. This can be understood as a manifestation
of spontaneously broken (continuous) time-translation
symmetry. Consider a small instantaneous perturbation Ĥpert applied to a stationary state, such that the
Hamiltonian is Ĥtot = Ĥ + δ(t)Ĥpert , with δ(t) the
Dirac delta function. According to linear-response theory, the resulting change in an observable Ô is δO(t) =
hÔtot (t)i − hÔ(0)i = −ih[Ô(t), Ĥpert ]i, where Ôtot (t) =
eiĤtot t Ôe−iĤtot t and Ô(t) = eiĤt Ôe−iĤt .
Within this framework, we can distinguish three fundamentally different kinds of response. A dynamical symmetry operator Âp shows persistent oscillations, since
δAp (t) = −ie−iωp t h[Âp , Ĥpert ]i.

(2)

In contrast, a local conserved charge Q̂p = [Â†p , Âp ]
has a response that is constant in time, i.e. δQp (t) =
−ih[Q̂p , Ĥpert ]i. In addition, there may exist local observables Ô that do not overlap with either the dynamical
symmetry operators or the associated conserved charges,
in the sense that hÔÂp i = hÔQ̂p i = 0. In the absence of
further conservation laws, the response of such an observable relaxes to zero, limt→∞ δO(t) = 0. This returns the
observable to its original expectation value, thus losing
all memory of the perturbation.
As we show below, all three kinds of dynamics may robustly coexist in an interacting quantum many-body system with strictly local dynamical symmetries. In particular, a generic observable that overlaps with the Âp will
partially lose memory of the initial perturbation while
also inheriting the oscillatory behaviour of Eq. (2). As
a result, the system retains complex dynamics in the
long-time limit within a restricted manifold of the “phase
space” spanned by local observables. Such stable orbits
are largely independent of the initial conditions and thus
correspond to a quantum many-body attractor.
Although this attractor spontaneously breaks timetranslation symmetry, it does not conform to the defini-
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tion of a continuous time crystal put forward in Ref. [57]
because it violates a particular condition for spatial longrange order that is designed to exclude non-interacting
systems. Nevertheless, the existence of observables that
lose memory of their initial conditions — a typical characteristic of an interacting system — explicitly distinguishes our setup from a trivial collection of disconnected
subsystems. However, it is important to note that the
extensive set of conserved charges Q̂p makes the models
generated through our approach quasi-integrable. Despite this, the stability of such models is quite unlike
standard quantum integrability [58–61]. In particular,
arbitrarily changing any local Hamiltonian Ĥp can, at
worst, destroy the local symmetry Âp associated with it,
leaving all others unaffected.
We now construct an explicit spin lattice model showing quantum many-body attractor dynamics. The unit
cell of the lattice comprises three sites, each corresponding to a spin-half degree of freedom, which are sewn
together to form the “spin lace” structure depicted
P in
Fig. 2. The Hamiltonian can be written as Ĥ = r ĥr ,
where r labels the unit cells and

X 
α
α α α
ĥr = br ŝzr +Br Ŝrz +
Jrα ŝα
r Ŝr + Kr ŝr Ŝr−1 . (3)
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and
Here, br and Br are local magnetic fields,
Krx,y,z are respectively the exchange couplings within and210
211
between unit cells, ŝα
r are spin operators for the inner
α
(red) site, and Ŝr are operators describing the total spin212
of the outer (blue) pair of sites in each unit cell. The213
appearance of the total spin Ŝrα in Eq. (3) is due to the214
up-down permutation invariance of the spin lace, which215
implies the existence of strictly local dynamical symme-216
217
try operators
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Âr = P̂r−1 ŝr P̂r
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FIG. 2. Spin-lace model. Each unit cell (red box) comprises three lattice sites occupied by a spin-half. Spins in
the rth unit cell are described by standard Pauli operaα
α
tors, denoted by σ̂2r−1
for the inner (red) site and σ̂2r,1
α
or σ̂2r,2 for the outer (blue) sites, with α = x, y, z. The
spin operators appearing in the Hamiltonian (3) are then
α
α
α
α
ŝα
r = σ̂2r−1 and Ŝr = σ̂2r,1 + σ̂2r,2 . The operator Âr is defined in Eq. (4) via the singlet projectors P̂r = |ψ− ir hψ− |,
where |ψ− ir ∝ | ↑i2r,1 | ↓i2r,2 − | ↓i2r,1 | ↑i2r,2 , leading to a
local dynamical symmetry supported on five lattice sites
(purple box). These sites are embedded in a seven-site
plaquette (grey box) governed by the strictly local Hamilz
tonian Ĥr = ĥr + Br−1 Ŝr−1
+ 21 (br+1 ŝzr+1 + br−1 ŝzr−1 ) +
P  α α
α
α
α
α
α Jr−1 ŝr−1 Ŝr−1 + Kr+1 ŝr+1 Ŝr , such that the total
P
P
Hamiltonian reads Ĥ =
p Ĥ2p , where p lap Ĥ2p−1 =
bels the plaquettes.
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Here, P̂r is the projector onto the singlet subspace satis-221
fying Ŝrα P̂r = P̂r Ŝrα = 0, while Ĥr is one of the associated222
strictly local Hamiltonians, which partition the
Pspin lace223
into overlapping plaquettes such that Ĥ =
p Ĥ2p−1 ;224
see Fig. 2 for details. The strictly local dynamical sym-225
metries are preserved for arbitrary spatial variations of226
the local fields and exchange couplings in Eq. (3). Fur-227
thermore, local modifications of ĥr that violate the up-228
down permutation symmetry only affect nearby plaque-229
ttes, leaving the dynamical symmetries throughout the230
rest of the system unchanged.
231
From here on, we focus on the homogeneous spin lace232
with br = Br = B and Jrα = Krα = J α . In Fig. 3(a) we233
calculate the time evolution of several correlation func-234
tions at infinite temperature. Observables having finite235
overlap with the dynamical symmetry operators show236
persistent oscillations, indicating broken time-translation237
symmetry. Conversely, observables proportional to the238
total spin operators Ŝrα relax back to their equilibrium239

value, up to small fluctuations that we attribute to numerical finite-size effects. The disparity between these
two behaviours is clearly seen in the Fourier domain
(Fig. 3(b)), where a dominant peak at frequency 2B distinguishes oscillatory observables from relaxing ones. It
is notable that the microscopic frequency 2B — a property of the local Hamiltonian (3) — remains a perfectly
preserved spectral feature even in an interacting manybody system.
The combination of oscillatory and relaxing dynamics
leads generic observables to converge to a non-trivial attractor. We demonstrate this in Fig. 3(c), which shows
the evolution of the total magnetisation starting from
various different global spin orientations. For all initial conditions considered, this macroscopic observable is
drawn towards the same restricted volume of its configuration space, where it follows complex, non-stationary
orbits that persist in the long-time limit. Similar behaviour would be seen even if the Hamiltonian is locally
modified in one portion of the system, or if the exchange
couplings differ throughout the lattice. The insensitivity
of the attractor to variations of both the starting configuration and the microscopic system parameters is a
hallmark of the attractors familiar from classical physics.
However, due to its low-dimensional geometry and finite
local Hilbert spaces, the spin lace is inherently resistant
to quasi-classical descriptions, e.g. mean-field approximations or semi-classical limits. Therefore, the quantum
many-body attractor cannot solely be understood as an
emergent classical phenomenon, but instead is a direct
consequence of local dynamical symmetry constraints on
the quantum-mechanical equations of motion.
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FIG. 3. Quantum many-body attractor in the homoge-264
neous spin lace. (a) Infinite-temperature correlation func-265
tions CO (t) = hÔ(t)ŝxr i, describing the linear response of the266
observable Ô(t) to a local perturbation Ĥpert ∝ ŝxr applied267
to one lattice site. Persistent oscillations are seen for ob-268
servables which overlap with a dynamical symmetry opera-269
tor, such as ŝxr (blue solid lines) or Âr (gray dotted line)270
itself. In contrast, the response of non-conserved observables,271
e.g. the total spin operator Ŝrx (red solid lines), decays to small
272
fluctuations around zero, showing complete loss of memory
of initial conditions. (b) Fourier transforms F[CO (t)](ω) of273
the correlation functions shown in (a). The dominant fre-274
quency ω = 2B (vertical dashed line) is clear in the response275
of ŝxr , while the response of Ŝrx shows no special feature at276
that frequency. (c) Attractive dynamics
of the total magP 
α
in the x-y plane,
netisation vector M̂ α = L−1 r ŝα
r + Ŝr
where L is the number of lattice sites. Each line shows an277
evolution that starts from a different initial condition and is278
drawn over time into a complex orbit within the attractor
region. The attractor is visible as the shaded ellipse where
all spin trajectories converge. The blue line highlights one
representative trajectory. The initial conditions are generated by preparing the system in an infinite-temperature state
and then projecting the total spin state of all unit cells in
a given direction. See the Methods for details. Parameters:
J x = 1, J y = 2, J z = 0.5, B = π.
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DISCUSSIONS

Infinite temperature correlation functions with
tensor networks

For a spin system with L lattice sites, the infinite temperature two-time correlation function between two operators Ô1 and Ô2 is given by 21L Tr(Ô2 eiĤt Ô1 e−iĤt ) (cf.
[69–71]). Going to a super-operator representation, this
can be written as 21L hÔ2 |eiĤt ⊗ e−iĤt |Ô1 i. For (quasi)
one-dimensional systems, by trotterizing the time evolution and using a matrix-product-state (MPS) representation of |Ô1 i and |Ô2 i, this can be efficiently calculated via
a standard time-evolution-by-block-decimation (TEBD)
approach [72]. The correlation functions can be obtained
for very large system sizes, but up to a finite time, due
to a finite bond dimension used in the tensor networks.
In our numerical simulation for Fig.3(a), we considered
a spin lace of 100 unit cells (300 sites), which models the
system essentially in the thermodynamic limit for the
time scales simulated. The maximum bond dimension
used was 200 which allowed accurate simulation up to
time t = 20 in units of Jx .
The frequency response from the correlation
functions

The frequency response shown in Fig. 3(b) is numerically obtained from the finite-time evolution data in
Fig. 3(a) by calculating the function
F[CO ](ω) =
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The quantum many-body attractor is a dynamical
state of matter in which oscillatory behaviour conspires
with relaxation to yield robust, complex dynamics that is
reminiscent of classical non-linear systems. In this work,
we have explicitly constructed a theoretical model of a
quantum many-body attractor with strictly local dynamical symmetries. We postulate that such attractors may
appear naturally in strongly interacting quantum manybody systems with a similar structure. These include
magnetic materials with tetramer unit cells [62, 63] and
diamond lattice compounds much studied for their interesting low-temperature properties [64–68]. Indeed, local
dynamical symmetries in complex systems may well be
behind the ubiquitous temporal regularity in Nature that283
284
Anderson discussed almost half a century ago [1].

Z

T

dt eiωt CO (t),

(5)

0

where T is the maximum simulation time and CO (t) =
hÔ(t)ŝxr i is the correlation function describing the response of Ô to a perturbation Ĥpert ∝ ŝxr .
Generation of initial states

282

241

1
T

In Fig. 3(c) we demonstrate the convergence of local
observables to a non-stationary quantum many-body attractor starting from different initial conditions. Specifically, we consider global magnetisation configurations
that correspond
to initial preparations of the product
N
form ρ̂ = r ρ̂r , with ρ̂r the local state describing one
unit cell. For concreteness, we take
ρ̂r =


1
x
Î2 + σ̂2r−1
8
  
y
x
z
⊗ I2 + aσ̂2r,1
+ bσ̂2r,1
+ cσ̂2r,1
⊗ Î2 ,

(6)

where Î2 is the 2 × 2 identity operator and {a, b, c}
are uniform random numbers in [−1, 1] such that
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√

a2 + b2 + c2 = 1.
This describes an infinite-341
temperature state that is perturbed by projecting the342
spin at each inner (red, 2r − 1) site onto the positive x343
direction and the neighbouring spin at the top site (blue,344
345
2r, 1) in the same random direction. Due to the strict346
locality of the dynamical symmetries and the transla-347
tion invariance of the lattice, it is sufficient to project348
a singleNcell r in this way, i.e. to take an initial state349
ρ̂ = ρ̂r r0 6=r Iˆ2⊗3 , and then compute the subsequent evo-350
lution of local observables within cell r. Summing the re-351
sults over all cells in the lattice, we obtain Fig. 3(c). The352
353
resulting attractor dynamics can be shown to be identical354
to that obtained N
from a translation-invariant initial state355
of the form ρ̂ = r ρ̂r , as correlations between different356
unit cells decay rapidly with the distance between them357
358
and do not contribute asymptotically.
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“Isolated Heisenberg magnet as a quantum time crystal,”389
390
Phys. Rev. B 102, 041117 (2020).
[10] Vedika Khemani, Achilleas Lazarides, Roderich Moess-391
ner, and S. L. Sondhi, “Phase Structure of Driven Quan-392
393
tum Systems,” Phys. Rev. Lett. 116, 250401 (2016).
[11] Dominic V. Else, Bela Bauer, and Chetan Nayak, “Flo-394
quet time crystals,” Phys. Rev. Lett. 117, 090402 (2016).395
[12] Achilleas Lazarides, Arnab Das, and Roderich Moessner,396
“Periodic thermodynamics of isolated quantum systems,”397
398
Phys. Rev. Lett. 112, 150401 (2014).
[13] Pranjal Bordia, Henrik Lüschen, Ulrich Schneider,399
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