
APPENDIX 

A brief review of the technical details of both the multinomial logistic regression model and the 

loglinear model are provided below.  

Multinomial Logistic Regression Model 

When the number of categories for the dependent variable is greater than two, then a multinomial 

logistic regression model is used [32]. Let the number of categories be denoted by J. Consider a 

random variable Y that may take one of the several discrete values and these values can be indexed 

as 1,2,.....J. 

Let T be the sample size and N represent the total number of sampling units where n is 

the column vector with element in  representing the number of observations in the sampling 

unit i, where i takes values [1,2,....N]. This can be modelled as follows: 
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The independent variables are characterised by a design matrix where there are N rows and 

K+1 columns. K is the number of independent variables and the first element of each row 

is 1. This 1 represents the intercept. K+1 is also the length of the parameter vector β  that 

we seek to estimate. This means that there is a parameter corresponding to each of the K 

independent variable plus a 1 that is 0β , the intercept. 
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denote the probability that the ith response falls in the jth category. In this case, 𝜋𝜋𝑖𝑖𝑖𝑖  is the probability 

that a sampled customer i belongs to a particular medical scheme j. The logit outcome is a 

comparison of a particular category to the reference category and thus the equation of the model 

will be expressed in terms of the logit. For the multinomial logistic regression model, we equate 

the linear component to the log of the odds of the jth category to the Jth category. Suppose ijπ  



corresponds to a particular category and iJπ  corresponds to the reference category,  then the 

following relationship exists: 
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Solving for ijπ  and iJπ  respectively, we have 
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The maximum likelihood method will be used to estimate parameters for the multinomial logistic 

regression model. Holding other variables constant, the odds ratio of a sampling unit with 

characteristic kx belonging to category j rather than the reference category is δ  percent 

higher/lower than the odds of a sampling unit with another characteristic 1+kx . It can be written as  
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Loglinear Model  

Associations between categorical variables are examined using the loglinear model. The main area 

of interest was to check whether scheme type was associated with quality (which included 

affordability, adequacy and acceptability) and rejection by medical practitioners.   

For a two-way contingency table, independence can be stated in terms of equating cell probabilities 

to a product of marginal probabilities, 



𝜋𝜋𝑖𝑖𝑖𝑖 = 𝜋𝜋𝑖𝑖+  𝜋𝜋+𝑖𝑖        ..............................................................................................................(7) 

 i = 1, ..., I,  j = 1, ..., J 

and in terms of cell frequencies, 

𝜇𝜇𝑖𝑖𝑖𝑖 = 𝑛𝑛𝜋𝜋𝑖𝑖𝑖𝑖 = 𝑛𝑛 𝜋𝜋𝑖𝑖+  𝜋𝜋+𝑖𝑖 ........................................................................................................(8) 

i = 1, ..., I, j = 1, ..., J 

By taking natural logarithms on both sides of the equal sign, we obtain the loglinear model of 

independence: 

log�𝜇𝜇𝑖𝑖𝑖𝑖� = 𝑙𝑙𝑙𝑙𝑙𝑙𝑛𝑛𝜋𝜋𝑖𝑖𝑖𝑖 = 𝑙𝑙𝑙𝑙𝑙𝑙𝑛𝑛 + 𝑙𝑙𝑙𝑙𝑙𝑙𝜋𝜋𝑖𝑖+ + 𝑙𝑙𝑙𝑙𝑙𝑙𝜋𝜋+𝑖𝑖 =  𝜏𝜏 +  𝜏𝜏𝑖𝑖𝐴𝐴 +  𝜏𝜏𝑖𝑖𝐵𝐵………...................……(9) 

where the superscripts A and B are just used to denote the two categorical variables.   

 

If A and B are associated, then a two-factor interaction term is added to the loglinear model of 

independence: 

 

log�𝜇𝜇𝑖𝑖𝑖𝑖� =  𝜏𝜏 +  𝜏𝜏𝑖𝑖𝐴𝐴 + 𝜏𝜏𝑖𝑖𝐵𝐵 + 𝜏𝜏𝑖𝑖𝑖𝑖𝐴𝐴𝐵𝐵...........................................................................................(10) 

This is an ANOVA type-representation where: 

• 𝜏𝜏 represents the overall effect, or the grand mean of the logarithms of the expected counts, 

and it ensures that  ∑ ∑ 𝜇𝜇𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  = n, that is, the expected cell counts under the fitted model 

add up to the total sample size n.  

• 𝜏𝜏𝑖𝑖𝐴𝐴-represents the main effect of variable A, or a deviation from the grand mean, thus it 

represents the effect of the 𝑖𝑖𝑡𝑡ℎ row.  

• 𝜏𝜏𝑖𝑖𝐵𝐵--  represents the main effect of variable B, or a deviation from the grand mean, thus it 

represents the effect of the 𝑗𝑗𝑡𝑡ℎcolumn.   

• 𝜏𝜏𝑖𝑖𝑖𝑖𝐴𝐴𝐵𝐵-- represents the interaction effect of variables A and B and reflects the departure from 

independence. 



The maximum likelihood (ML) fitted values for the cell counts are the same as the expected (fitted) 

values under the test of independence in two way tables. Thus, the X2 and G2 for the test of 

independence are goodness-of-fit statistics for the loglinear model of independence testing that the 

independence model holds versus that it does not, or more specifically testing that the 

independence model is true. This model also implies that all odds ratios should be equal to 1. 

Although a Pearson 𝑋𝑋2 could also be used, loglinear models can also be tested with the likelihood 

ratio test with df = (I-1)(J-1). 

𝐺𝐺2 = 2∑ 𝑛𝑛𝑖𝑖𝑖𝑖log 𝐽𝐽
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There are different model selection procedures that can be used to find the “best-fitting” loglinear 

model for a given set of data, see, e.g., Agresti, 2013, chapter 10.  For this paper, the backward 

elimination selection procedure is used.  

Parameters and Odds Ratios  

There can be different parameter estimates, that is, different values of 𝜏𝜏's depending on the type of 

constraints set. What is unique about these parameters that will lead to the same inference 

regardless of parameterisation are the log odds. There is a functional relationship between the model 

parameters and odds ratios, which is how we are defining and measuring 

interactions. 
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                   =  𝜏𝜏𝑖𝑖𝑖𝑖𝐴𝐴𝐵𝐵 + 𝜏𝜏𝑖𝑖′𝑖𝑖′𝐴𝐴𝐵𝐵 − 𝜏𝜏𝑖𝑖′𝑖𝑖𝐴𝐴𝐵𝐵 −

𝜏𝜏𝑖𝑖𝑖𝑖′𝐴𝐴𝐵𝐵..............................................................................................................(12) 

where subscript  i denotes one level of categorical variable X and i' denotes another level of the same 
variable; similarly for Y. The odds ratio θ measures the strength of the association and 
depends only on the interaction terms   𝜏𝜏𝑖𝑖𝑖𝑖𝐴𝐴𝐵𝐵. 


